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Abstrat. In this artile we investigate the priniple and properties of a vertial
passive seismi noise attenuator oneived for ground based gravitational wave
interferometers. This mehanial attenuator based on a partiular geometry of
antilever blades alled monolithi geometri anti springs (MGAS) permits the design
of mehanial harmoni osillators with very low resonant frequeny (below 100mHz).
Here we address the theoretial desription of the mehanial devie, fousing on
the most important quantities for the low frequeny regime, on the distribution of
internal stresses, and on the thermal stability.
In order to obtain physial insight of the attenuator peuliarities, we devise
some simplied models, rather than use the brute fore of nite element analysis.
Those models have been used to optimize the design of a seismi attenuation system
prototype for LIGO advaned ongurations and for the next generation of the TAMA
interferometer.
PACS numbers: 07.10.Fq, 04.80.Nn, 46.32.+x
1. Introdution
A fundamental issue in designing interferometri gravitational wave detetors is the
isolation of the test masses (heavy mirrors) from environmental noise soures, suh
as seismi noise. It is well known that a very eetive way to redue this type of
perturbation is to use mehanial harmoni osillators, whih possess the important
feature of attenuating the seismi noise above their resonant frequeny.
One of the major diulties in designing this kind of system is to ahieve vertial
attenuation performane omparable to that obtainable in the horizontal diretion. In
long baseline interferometers, this is a signiant issue beause the vertial motion
is oupled to the diretion of sensitivity (horizontal diretion) through mehanial
imperfetions, opti wedges, the earth urvature, and mirrors' orientation.
♯ Corresponding author. Address: California Institute of Tehnology, LIGO Projet, 1200 E. California
Blvd. 91125, Pasadena, CA USA, MS 18-34 phone +626-395-6358
LIGO DCC number: P040004-00-D
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Figure 1. Shemati view of a omplete MGAS lter.
A possible solution to the problem, whih has been implemented in the so-alled
super-attenuators of the VIRGO detetor [Caron et al 1997℄, is based on the magneti
anti-spring onept [Bearia et al 1997℄.
A onsiderable improvement to the magneti anti-spring is the geometri anti-spring
onept (GAS) [Bertolini et al 1999, Cella et al 2002℄, whih allows signiant inreases
in the vertial attenuation and thermal stability of a seismi attenuation system (seismi
lter).
The monolithi geometri anti-spring (MGAS) onept introdued by one of the
authors is essentially an evolution of the GAS onept apable to signiantly improve
the GAS system performane.
A seismi attenuation system based on the MGAS onept is better than the
equivalent GAS system mainly beause of its simpliity. In fat, this harateristi allows
removal of several mehanial parts that introdue unwanted low frequeny resonanes
responsible for reduing the ltering eieny on all the degrees of freedom.
In the next setions we address the theoretial desription of the MGAS, and some
of the main issues related to the design of a seismi lter.
2. Low Frequeny One Dimensional Model
An MGAS onguration is made of several quasi-triangular blades radially disposed and
onneted together at their verties (see Figure 1).
Taking advantage of this radial symmetry, the MGAS physis an be studied
onsidering just a single blade. Moreover, beause of the blade's symmetry along a
vertial plane (alled Oxy as shown Figure 2), and the typial blade dimensions (thin
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blade approximation), we an redue the dynamis to one of a simple single degree of
freedom system.
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Figure 2. Referene Frame for the MGAS study. The urvilinear oordinate l is
measured from the point O and the omponent Fx, and Fy represent the external
fores applied to the blade
The blade's base is lamped to a massive struture and subjeted to an external
fore on the tip due to the load and to the other radially arranged blades. The horizontal
omponent ompresses and bends the blade longitudinally.
In the low frequeny regime, below the internal mode frequenies, the dynamis is
dominated by the lamping struture mass (muh greater than the blade's mass, whih
we an neglet) and by the load.
The blade has a onstant thikness d muh smaller than the two other dimensions,
a length L and a variable transverse width w(l), with l ∈ [0, L]. The variable l is the
urvilinear oordinate following the intersetion of the blade's neutral surfae with the
plane Oxy, i.e. the neutral axis of the blade. It is also onvenient to dene θ(l) as the
angle between the tangent of the urvilinear oordinate and the x axis.
Under these approximations, we an model the thin blade as a massless elasti line
with a potential energy [Landau, Lifshitz 1959℄
U =
∫ L
0

12EI(l)
[
dθ(l)
dl
]2
− Fx cos θ(l)− Fy sin θ(l)

 dl. (1)
Fx and Fy, are respetively the horizontal and vertial external fores applied to the
blade's tip, and I is the transverse moment of inertia of the blade, I = w(l)d3/12. The
mehanial harateristis of the blade material enter just through the Young's modulus
E.
It is onvenient to rewrite the potential energy in the following way
U =
Ed3w(0)
12L
U˜, (2)
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where
U˜ =
∫ 1
0

 12γ(ξ)
[
dθ(ξ)
dξ
]2
−Gx cos θ(ξ)−Gy sin θ(ξ)

 dξ, (3)
and γ(x) = w(0)/w(x) is a normalized blade's shape funtion, ξ = l/L. The quantities
Gx, Gy are dimensionless parameters proportional to the horizontal ompression and to
the vertial load:
Gi =
12L2
Ed3w(0)
Fi, i = x, y . (4)
Writing U in suh a form we make lear that the nonlinear behavior of the blade
(the U˜ term) is parameterized by the dimensionless parameters Gi, whih ompletely
denes the working point of the system for a given normalized shape of the blade γ(ξ).
Every physial quantity we are interested in will be indeed written as a produt of two
terms. The rst is an appropriate dimensional sale fator, a simple ombination of the
blade's parameters. The seond is a funtion of the Gi only (for a given shape of the
blade), and must be numerially evaluated. This means that the solution orresponding
to a partiular pair (Gx, Gy) an be used to desribe a large lass of dierent physial
systems, obtained one from the other by a transformation of the parameters whih leaves
Gx and Gy both unhanged. For example, the vertial position Y of the blade's tip an
be written as
Y = L
∫ 1
0
sin θ(ξ) dξ = Ly(Gi) . (5)
Saling the blade length L by a fator λ, and multiplying the blade's thikness d by a
fator λ2/3 , we keep the working point unhanged. This is very useful in order to plan
the integration of the blade into a new system [Bertolini 2003℄.
2.1. Integration of the Equation of Statis and General Properties
Computing the variation δU˜ of the ation (3) with respet to θ to minimize the potential
energy, we obtain the equation of statis for the physial system in the presene of an
assigned external load Gi. Then, rewriting δU as a system of rst order dierential
equations we get
dp
dξ
= Gx sin θ(ξ)−Gy cos θ(ξ), (6)
dθ
dξ
= γ(ξ) p, (7)
with boundary onditions
θ(0) = θ0, θ(1) = θ1 (8)
Beause this is a boundary value problem, in general the solution uniqueness annot
be guaranteed. Dierent equilibrium ongurations an oexist for the same values of
boundary onditions and parameters. This an be easily seen in the partiular ase
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of onstant blade width. In this ase, γ = 1 and the system admits a ξ-independent
quantity A that an be written as
A =
1
2
(
dβ
dτ
)2
+ (1− cos β) (9)
where we set β = θ−ψ, G =
√
G2x +G
2
y, τ =
√
Gξ and tanψ = Gy/Gx. This is formally
equivalent to the energy of a simple pendulum and we will disuss now the behavior of
our system from a qualitative point of view, looking at the orresponding phase diagram
depited in Figure 3. In Appendix B we give some details about the analytial solution
of this problem.
Figure 3. Evolution of the blade's angle in the phase spae, for a blade of onstant
width. The phase spae is equivalent to the one of the simple pendulum: losed
trajetories orrespond to a bounded variation of the blade's angle, open ones to blade's
ongurations with turns. Dierent solutions whih satisfy the boundary ondition for
β(0) = β0 and β(
√
G) = β1 are depited: solution Γi starts in Si and ends in Ei. We
assume periodi boundaries in β: Γ1 starts in S1 and after a omplete 2π yle moves
to E1. See Setion 2.1 and Appendix B for a full disussion.
Our formal pendulum is allowed to evolve only in a well dened interval of the
time parameter, that is τ ∈ [0,
√
G]. During this interval the system must move from
a starting point on the β = β0 line to a nal point with β = β1. We an freely hoose
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our starting point on the line β = β0. Dierent possibilities orrespond of ourse to
dierent values of A.
Suppose that we start on the boundary of the osillatory region (the S0 point in
Figure 3). Then, we nd the rst solution Γ0 when G is large enough to allow the end
point to be in E0. This is a very simple onguration, with a monotonially inreasing
value of θ. If we now keep G onstant and inrease p at the starting point we obtain
a motion whih is faster and faster, and a longer and longer trajetory. When p is
big enough, the trajetory will end at β = β1 + 2π, desribing a new solution Γ1 with
the same parameter G as the old one. Clearly, with this method we an generate an
innite set of solutions Γk, whih dier in the number of times the blade's angle makes
a omplete turn. Congurations with turns an potentially give good working points
(see for example [Winterood and Blair 1998℄), but we are not interested in these in
this work.
Another possibility is the existene of undulated ongurations. Inside the
osillatory region of the phase diagram we an onstrut solutions with the same (large
enough) value of G, whih an be lassied aording to the number of zero urvature
points (rossings of the β˙ = 0 axis in the phase diagram). To make this plausible we an
onsider a solution with some starting point S3 (see Figure 3) and a very large G, suh
that it makes N turns in the phase diagram. When we move S3 towards the boundary
of the osillatory region, we should nd at least 2N solutions. The reason is that on
the boundary the solution is without rossings, beause the time required to approah
the point β˙ = 0 is innite. So the trajetory must unwind when we move S3, and its
end point must ross the β = β1 line at least 2N times. Conneted with the existene
of undulated ongurations is the possibility of bukling-type phenomena††. As we
will see, this is in fat the key to understanding the behavior of our system, as will be
disussed extensively in the following setion.
2.1.1. Eetive Potential To study the solutions of Equations (6) and (7) as a funtion
of the parameters, it is onvenient to apply the so-alled ontinuation method. We
use the AUTO2000 ode, whih implements several algorithms for ontinuation of
dierential and algebrai problems. Details an be found in the user's manual [Doedel
et al 2000℄.
The basi strategy onsists in the exploration of the solution spae when smoothly
hanging the values of the oordinates of the blade's tip, the horizontal position
x ≡ X
L
=
∫ 1
0
cos θ(ξ) dξ (10)
or the vertial position dened in Eq. (5).
Using the ontinuation method we onstruted the plot in Figure 4, whih is a
graphi representation of Gy(x, y). In the explored region, it appears that this is a
well dened single-valued funtion as suggested by physial intuition. In fat, numerial
††See [Winterood et al 2002℄ for a dierent approah to vertial seismi attenuation, based on a
bukling behavior.
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Figure 4. The normalized vertial position y versus normalized horizontal position
x of the blade's tip, for dierent values of the vertial dimensionless load Gy. For a
generi value Gy there is a folding singularity where a ouple of solutions vanish, and a
stable branh. In the speial ase Gy = G
∗
y (here G
∗
y ≃ 1.6895) we obtain a two sided
bifuration with a turning point. This is depited shematially in the lower square
(bold lines), emphasizing its dierene from the simpler pithfork singularity depited
in the upper square. See Subsetion 2.1.6 for a full disussion of these diagrams.
investigation using AUTO2000 gives no evidene of bifurations. We an repeat a similar
study to obtain a representation of the funtion Gx(x, y) in the same region. We do
not show the relative diagrams beause they do not present peuliar features, but the
nal onlusions are that both Gx and Gy are regular and single-valued funtions of
the blade's tip oordinate. We an expand them in small variations of the parameters
around the hosen working point
Gi(x, y) = G
(0)
i +Kijδj +
1
2
Kijkδjδk +
1
3!
Kijklδjδkδl +O(δ
4
i ) (11)
where δx = x − x0 and δy = y − y0. As Gi are the omponents of the external fore
ating on the system, it is natural to ask if they an be written as the partial derivatives
of an eetive potential funtion
Gi(x, y) =
∂Ueff (x, y)
∂xi
. (12)
On physial grounds, the answer should be positive. In fat, this potential energy
represents the energy stored in the system by the external work, and beause there is
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no dissipation in our model, it should be a well dened funtion of the position. If
Ueff were multivalued, the dierene between two of the energy values ould only be
interpreted as the dierene between the energy stored in two dierent ongurations
with the same x,y values. But in this ase a losed path in the (x, y) spae rossing a
bifuration point should exist. If Ueff exists the integrability onditions tell us that the
oeients K··· are ompletely symmetri in their indies.
A omment about the general validity of these results is in order. As we disussed,
it is possible that many solutions with the same values of x and y exist, so Equations (11)
should be understood as a perturbative expansion around some well dened blade
onguration. In pratie, this all we need. With this restrition all should work well,
unless we try to expand around a bifuration point (that is, a point where the number
of solutions hanges).
All the quantities we are interested in an be reovered from the oeients K···,
whih are partial derivatives of the eetive potential evaluated at the working point.
It is quite important to nd a good method to monitor these quantities during the
ontinuation proedure. This an be done by introduing auxiliary funtions, governed
by appropriate dierential equations that must be added to the basi relations (6), (7)
and (8). The method is explained in detail in Appendix A: here we stress only that
for a given order in the expansion of the eetive potential we obtain a nite system of
dierential equations to solve.
As a nal observation, we reall that the assumption of the existene of an eetive
potential is not mandatory in order to alulate the oeients K···. In fat, the
integrability onditions translate into a set of nontrivial relations between the auxiliary
funtions whih an be used to test or simplify the numerial ode (see Appendix A).
We will give other details about the ontinuation method in Subsetions 2.1.2 and
2.1.3, explaining its appliation to the searh for onguration with a low vertial
stiness. For more information, good starting points are [Doedel et al 1991, Doedel
et al 1991b℄ and referenes therein.
2.1.2. Vertial Position of the Blade's Tip To give a simple example of appliation of
the ontinuation method, we will study the normalized blade tip's vertial position.
Here and in the following we will present results for a partiular onguration with
θ0 = π/4, θL = −π/6 and γ−1(ξ) = c1 + c2 cos βξ + c3 sin βξ, with c1 = −0.377,
c2 = 1.377, c3 = 0.195 and β = 1.361. The partiular shape of the blade was
hosen to ompare with measurements taken on a prototype whih will be published
elsewhere [Sannibale et al 2004℄. In Subsetion 2.1.6 we will omment on the general
validity of our onlusions.
If we hoose as independent parameters the vertial load Gy and the tip's horizontal
position x, we an onstrut the diagram in Figure 5. There the possible equilibrium
values of y are plotted as a funtion of the vertial load, for dierent values of x, in an
interesting region.
It is evident that the urves an be grouped in two dierent families, one made of
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monotonially inreasing funtions of Gy (ontinuous line urves, orresponding to large
values of x) and the other made of urves showing a ouple of folding singularities
(dashed line urves, folds marked with irles). The boundary between these two
dierent families orresponds to x = x∗ ≃ 0.9027.
A folding singularity an be deteted during the ontinuation proedure performed
by AUTO2000. After the detetion it is possible to add a seond free parameter and
to ontinue the fold. This is very onvenient to determine the lous of all the folding
singularities.
When x > x∗ there is only a single equilibrium position y0 for eah value of the
vertial load, and as ∂y/∂Gy > 0 we an onlude also that the equilibrium is stable.
If we adiabatially redue x, the blade's y will remain at the assigned vertial load: y0
will inrease if Gy > G
∗
y = −1.6895 and it will derease otherwise.
When x < x∗ it beomes possible to have more than one equilibrium onguration:
in that ase two new solutions y1 and y2 appear, and by heking the sign of ∂y/∂Gy
it is easy to see that only the largest and the smallest among y0, y1, y2 are stable. The
system an swith between these if driven by a large enough external perturbation, and
we onlude that the region x < x∗ is assoiated with a bistability. The presene of
this bistability an be desribed also by observing that the system an show a kind
of hysteresis behavior. This is also illustrated in Figure 5: suppose we prepare the
system in a onguration whih orresponds to the point (a). If we start to inrease the
load adiabatially, we observe that the vertial blade tip's position inreases smoothly,
moving along the urve, until the fold singularity (b) is reahed. At that point the system
annot respond anymore in a smooth way to a further inrease of the load: it will swith
abruptly to the only available equilibrium position (c). Of ourse the swith between
(b) and (c) points is a dynamial proess and depends on the system inertia. It annot
be desribed without solving the nonlinear equation of motion inluding dissipation
mehanisms. Our stati analysis only shows that when the equilibrium is reahed the
system must be settled in (c).
If now we redue the load, the system moves smoothly along the new urve until
it reahes the folding point (d). A further load redution triggers a swith to the point
(a), ompleting the yle.
2.1.3. Vertial Resonane Frequeny A very important parameter of an MGASF lter
is the angular frequeny ωy of the fundamental vertial mode. For symmetry reasons it
is evident that during the lter's vertial motion the horizontal position of the blade's
tip is xed, so the equations whih dene our problem are (6) and (7), supplemented
by the two xed boundary onditions (8) and by the geometrial onstraint (10). The
external parameters are Gy and x, while Gx is xed by the onstraint.
It is easy to see that in the frequeny domain, and for low frequeny,
L
g
ω2y =
1
Fy
(
∂Fy
∂y
)
x
=
1
Gy
(
∂Gy
∂y
)
x
=
Kyy
Gy
. (13)
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Figure 5. The normalized vertial position y of the blade's tip versus the
dimensionless vertial load parameter Gy (see Eq. 4). Eah urve orresponds to a
dierent xed horizontal position x of the blade's tip (the x value is shown above
eah single urve). Two dierent lasses of urves an be distinguished. For a urve
in the rst lass (depited with a ontinuous line) the vertial position is always an
inreasing funtion of the load, so that eah point denes a stable equilibrium point for
the system. For a urve in the seond lass (depited with a dashed line) there is also a
region, where y dereases with Gy, of unstable equilibrium points. This unstable region
is separated from the stable one by a ouple of folding singularities. The ontinous
folded urve, whih orresponds to x = 0.9027 in this example, separates the two
regions. The oriented losed path shows a typial hysteresis path, and is disussed in
Subsetion 2.1.2. Note that the two stable equilibrium positions in the bistable region
orrespond to dierent vertial positions of the blade's tip. Boundary onditions are
always θ0 = π/4 and θL = −π/6.
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In other words, the MGAS lter is indeed formally equivalent to a simple pendulum
with eetive length
Leff = LGy
1(
∂Gy
∂y
)
x
. (14)
For the optimization of lter performane, we are interested in obtaining the
smallest possible value of ωy. As already stated, this an be obtained by simply
inreasing Leff while keeping the working point Gi xed. A possible transformation
that performs this task is a resaling of the blade length by a fator λ
L→ λL, Fx,y
Ed3w(0)
→ 1
λ2
Fx,y
Ed3w(0)
(15)
whih hanges the frequeny aordingly with
ωy → 1√
λ
ωy . (16)
The vertial frequeny of the blade dereases only with the square root of the blade
length. A long blade is quite diult to integrate into a real system, and its internal
resonanes start to redue attenuation performane at low frequeny. For these reasons
we are interested in working points where Leff diverges to innity. These are the points
of the parameters spae where the linearized response of the system is large, or in other
words where the oeient Kyy of the eetive potential goes to zero.
To desribe the typial situation we are looking for, let's re-analyze Figure 5. From
Equation (14) it is evident that the eetive length of the system is inversely proportional
to the slope of a urve at the onsidered equilibrium point. This means that in a folding
singularity, Gy = G
(fold)
y (x), the eetive length diverges and so ωy → 0. Another point
where Leff → ∞ is on the boundary urve x = x∗, for the partiular value Gy = G∗y
whih orresponds to a vertial slope.
Setting the parameters of our system near one of these ritial points, we an
obtain a vertial resonane frequeny as small as we want in priniple. However, there is
a qualitative dierene between the ritial points on a folding singularity (x,G(fold)y (x))
and the ritial point on the boundary urve (x∗, G∗y).
This dierene an be fully appreiated by looking at Figure 6. Here the square
of the vertial resonane frequeny in g/L units is plotted versus the vertial load
parameter, for dierent x values. In this piture it is easy to distinguish between the
regions of stable equilibrium points (ω2y > 0) and the unstable one (ω
2
y < 0). An
intersetion between a urve and the axis ω2y = 0 orresponds to a folding singularity in
Figure 5.
We an hoose the working point near this intersetion, in the stable region: however
in this ase a load utuation an easily drive the system into the unstable region, and
this is dangerous beause we are in a bistable regime. On the ontrary the ritial point
on the boundary urve orresponds in the plot to the usp on the ω2y = 0 axis. If we
hoose our working point near this, on a fully stable urve x = x∗+ δx, δx > 0, it annot
be driven by a load utuation into the unstable region. Of ourse, a utuation of x
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Figure 6. Vertial frequeny dependene versus load, near the minimum frequeny
working point. The vertial axis is the squared angular frequeny of the vertial
osillation, in the low frequeny approximation, expressed in units g/L. Eah urve
is labeled by its x value. Dashed urves orrespond to x > x∗, ontinuous ones to
x < x∗. The bold urve, with a usp at ωy = 0, is the boundary between the folded
and unfolded region. The same hysteresis yle of Figure 5 is plotted, with the same
labels (a, b, c, d). In the upper left orner we plot a detailed view of the region around
the frequeny minimum.
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(whih an be generated by a horizontal motion of the blade's tip) an drive our system
into the unstable region, but in priniple this is less dangerous beause we don't have
bistability in this region and the system should fall bak to the original point after the
utuation. This does not means that there are no problems. The main issue here is the
eet of the nonlinearities that unavoidably appear in systems with stiness approahing
to zero. This is disussed in setion 2.1.4.
We an parameterize Figure 6 with the K∗··· oeients. Looking at Figure 5 we
see that in the region of interest Gy is aurately desribed by a ubi funtion of y
with oeients that depend on x. If we take as referene point (x∗, G∗y) and neglet
orretions in δx we an write
Gy =
1
6
Kyyyyδ
3
y +G
∗
y (17)
and for the frequeny
L
g
ω2y =
1
2
Kyyyyδ
2
y
Gy
(18)
eliminating δy we nally get near the working point
L
g
ω2 =
K1/3yyyy
2
[
6
(
Gy −G∗y
)]2/3
G∗y
(19)
where the usp singularity is evident. Using the same proedure we an obtain a
general relation, more involved, whih reprodues quite aurately Figure 6 for small
enough δx 6= 0.
It is interesting to add some onsiderations about the bistable regime, drawing
the same hysteresis yle we disussed in Subsetion 2.1.2. Looking at Figure 6 it is
evident that jumps are loated at the edge of the unstable region, and the two stable
equilibrium points orrespond not only to a dierent blade tip vertial position, but also
to a dierent value of the vertial resonane frequeny. An exeption is, for example,
the point D.
2.1.4. Nonlinearities In Setion 2.1.3 we saw that from the point of view of system
stability the ritial point on the boundary urve (x∗, G∗y) should be preferred over
the ritial point near a folding singularity. There is another good reason of hoosing
(x∗, G∗y). The fundamental peuliarity of the MGAS is that the variation of the stiness
with the position is in priniple not negligible. This means that around the working
point we have to introdue higher order orretions to the the eetive potential. Fixing
our attention on the vertial motion only, and imposing δx = 0, we obtain
Gy = Kyyδy +
1
2
Kyyyδ
2
y +
1
6
Kyyyyδ
3
y + · · · (20)
whih learly shows the oeients onneted to the anharmoniity.
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To quantify anharmoni eets we use the ratio between the rst nonlinear and
linear term in the potential
ρ1 = σ
Kyyy
Kyy
= σ
(
∂2Gy
∂y2
)
x
(
∂Gy
∂y
)−1
x
(21)
where the presene σ, with σ = A/L, reminds us that the importane of
nonlinearities depends on the amplitude of the motion A. Using Equation (13) and
hanging the independent variables to x,Gy we an rewrite this quantity as
ρ1 = σ
L
g
[
ω2y +Gy
(
∂ω2y
∂Gy
)
x
]
(22)
and its behavior for small osillation frequeny an be disussed looking at
Figure (6). Near (x∗, G∗y) both terms go to zero, so the working point whih minimizes
the nonlinear eets is near the minimum of the urve. To rst order, we must set
K∗yyyyδy +K
∗
yyyxδx = 0, where δi are the displaements from the ritial point and K
∗
···
the expansion oeients of the eetive potential around it. Near a fold, however, only
the rst term goes to zero, and even worse, the seond term inreases without limits. So
we expet huge nonlinear eets near a folding point, and a onguration near (x∗, G∗y)
should learly be preferred.
For nite values of frequeny the more linear onguration does not oinide with
the onguration that minimizes the frequeny variation with the load. The reason is
that a load variation hanges both the working point and the inertia seen by the blade,
and only the rst eet is onneted to nonlinearities.
We onlude this setion with an estimate of the importane of higher order
nonlinearities. The ratio between the seond order nonlinear term in the potential
and the linear term gives
ρ2 = σ
2Kyyyy
Kyy
≃ σ2K
∗
yyyy
Gy
(
g
Lω2y
)
(23)
whih is dangerous beause the numerator no longer goes to zero near the singularity.
This result expresses the fat that when the vertial stiness of the system goes to zero
some kind of nonlinearity neessarily beomes dominant, and only the ubi term in the
eetive potential, proportional to its asymmetry, an be avoided.
This an be seen as a lower limit on the vertial frequeny obtainable, whih we
expet to be quite small in a onrete situation, beause it is proportional to σ2:
f >
σ
2π
√√√√ g
L
K∗yyyy
Gy
. (24)
As an indiation, for a blade with L = 30 cm, a oeient K∗yyyy ≃ 103 estimated from
a typial working point and an indiative amplitude for the motion A ≃ 10−3m ,we
get f > 10−1Hz, whih seems quite reasonable. The oeient Kyyyy is of ourse not
the same for all the ritial points, so it seems reasonable to nd the best onguration
from this point of view, if needed.
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1 2X(T) = L (T) − L (T)
Figure 7. Sketh of geometri blade variations indued by a temperature hange. The
angle of the blade's tip is xed due to the onstraint of the the other blades in the
MGAS. L1 and L2 are the distanes between eah lamp and a xed vertial referene
axis plaed in the enter of the lter. Those distanes hange with the temperature
aording to the thermal expansion oeients α1, α2 of the lamp materials. X is
the horizontal length of the blade.
2.1.5. Thermal Stability The temperature dependene of the blade equilibrium
position depends on the mehanial and thermodynamial parameters of the material,
i.e. the thermal expansion oeient and the variation of Young's modulus with the
temperature. A sketh showing how temperature aets the blade's geometry is shown
in Figure 7.
Choosing the geometrial and mehanial parameters L
(0)
1 ,L
(0)
2 ,α1,α2 as shown in
Figure 7, we have that x = X/L hanges linearly with the temperature aording to the
following law
x = x0(1 + αx∆T ), (25)
where αx, is an eetive thermal expansion oeient dened by the following formula
αx =
L01α1 − L02α2
L01 − L02
− α, (26)
with α the thermal expansion oeient of the blade's material. For example, if we
hoose α = α1 = α2 (supports and blade made out of the same material) we obtain
αx = 0.
To rst order, the material dependene on temperature enters through Young's
modulus. In fat, we an write
E = E0(1 + αE∆T ), (27)
where αE is a onstant oeient. Using the denition (4) we obtain the eetive
thermal expansion oeient for Gi:
αG = −(2α + αE). (28)
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The Typial value for stainless steel expansion oeient at ambient temperature is
α ≃ 1×10−5K−1. Common values for αE are negative and of the order 10−4K−1[artiolo
NIM℄. Aurate values strongly depend on temperature and on the alloy. This means
that αG is positive and dominated by the Young's modulus variation oeient.
It is possible to tune αE both in amplitude and sign in a quite large range (say,
αE ∈ [−10−4K−1, 10−4K−1]) by hanging alloy omposition and/or using thermal
treatments [SMC 2003℄. Suh speial alloys an be used indeed, to minimize temperature
dependene of the working point.
An interesting question is whether it is possible to nd ongurations whih are
insensitive to the temperature hanges for a given set of oeients αi. As our main
issue is to obtain a system with a small vertial frequeny we will limit our study to an
understanding of the thermal behavior of monolithi blade near a good working point.
We start with the dependene of the vertial position Y of the blade's tip as a
funtion of the temperature. The rst order variation of the vertial position due to the
temperature is ontrolled by the quantity
dY
dT
= αY + L
dy
dT
(29)
whih as we an see is the sum of two ontributions. The rst term aounts for the
simple thermal expansion of the blade length. The seond term is the anomalous
ontribution onneted to the fat that the system is displaed from the working
point by the temperature variation. Choosing as independent variables x and Gy
(see Appendix A) we an write
dY
dT
= αY + Lx
(
∂y
∂x
)
αx + LGy
(
∂y
∂Gy
)
αG = L (yα+ γxαx + γGαG) (30)
The oeient γG an be rewritten as
γG =
g
Lω2y
(31)
and it is quite dangerous, beause it diverges near the ritial points. This is very
reasonable physially, beause when the vertial stiness of the blade beomes very small
we an expet a strong sensitivity to the variation of blade parameters. One possible
way to ompensate for this eet is to properly tune the parameters in equation (30).
We an adjust the term proportional to α by hanging y, whih is onneted to the
boundary onditions for the blade. As we will see in Subsetion 2.1.6 there is a wide
range of values for the y parameter, positive and negative, ompatible with a ritial
point.
The term proportional to αx, as disussed previously, an be tuned with an
appropriate lter design. We an estimate its importane by looking at the left diagram
in Figure 8. There the relevant quantity ∂y/∂x = x−1γx is plotted versus Gy for dierent
x values in the stable region near the ritial point (x∗, G∗y) (ompare with Figure 6).
It is evident that the rapid variation of this parameter around the ritial point is
partiularly relevant when we are very near to it (x ≃ 0.903, bold urve). This means
Monolithi Geometri Anti-Spring Blades 17
Figure 8. Coeients related to thermal stability. On the left side the quantity
(∂y/∂x)Gy is plotted as a funtion of the load parameter Gy, for dierent values of x
hoosen near the ritial point. On the right side we plot ω−1y (∂ωy/∂x)Gy , as a funtion
of the same parameters of the left side. See Setion 2.1.5 for explanations.
that it is surely possible to tune this parameter, but also that the tuning ould be very
deliate.
Another important parameter, whih should be made as muh stable as possible, is
the vertial osillation frequeny. We an dene an eetive expansion oeient for
it in the following way:
αω =
1
ωy
dωy
dT
=
[
xαx
ωy
(
∂ωy
∂x
)
+
GyαG
ωy
(
∂ωy
∂Gy
)
− α
]
. (32)
There are two quantities whih depend on the working point in this expression. The
rst one is proportional to αx, whih depends on the lter design, and to the variation
of the logarithm of the vertial frequeny with x, whih we an rewrite as
1
ωy
∂ωy
∂x
= −1
2
Gy
γG
(
∂2y
∂Gy∂x
)
(33)
This ontribution depends fully on the nonlinearity of the system. The quantity (33)
is plotted on the right side of Figure 8 as a funtion of Gy, for several x values hosen
near the ritial point.
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The seond working-point-dependent quantity is proportional to the variation of
the frequeny with the load. We met this quantity when we disussed nonlinear eets,
and we saw that it an be set to zero by xing the working point near one of the
minima of Figure 6. Here the derivative is weighted with ω−1y , so the situation is a bit
dierent. As the minima of ωy are also minima for log ωy it is always possible to set
the ontribution (33) to zero. However, as we approah the ritial point its variation
will beome very large. As for the vertial variation of the blade's tip, this means that
the tuning of αω will be possible but deliate, expeially very near to the ritial point.
The method used to evaluate all of the quantities that appears in these expressions is
explained in Appendix A.
2.1.6. Universality of the Results An important point is the robustness of the ritial
behavior of a monolithi blades. We want to understand what is the range for the
general design parameters (tip angle, base angle and shape of the blade) whih are
ompatible with the existene of a ritial point. In order to do that we need a preise
haraterization of the interesting working point, that ould be used to explore the
parameter spae.
This haraterization is provided by Figure 5, where it is apparent that when
(x, y) = (x⋆, y⋆) we have both(
∂Gy
∂y
)
(x⋆, y⋆) = K⋆yy = 0 (34)
and (
∂2Gy
∂y2
)
(x⋆, y⋆) = K⋆yyy = 0 . (35)
How an these onditions be extrated from Figure 4 on page 7? The urves there
were obtained by ontinuing the solution in the x parameter, at a xed Gy and with
free y. We reognize that Kyy = 0 when the slope of the depited urves goes to
innity. This is a folding singularity that an be identied and ontinued adding a new
free parameter, for example Gy, obtaining a lous of points where the Equation (34)
is satised. If, following this lous, we nd another folding singularity, learly there
also Equation (35) beomes true. In this way the general strategy that an be used
to explore the subspae of interesting working point is lear in priniple: add another
free parameter and ontinue the new fold. Our implementation of the method was a bit
dierent beause with AUTO2000 it is not possible to ontinue a fold of a lous of folds.
It is based on the use of the auxiliary funtions introdued in Setion Appendix A, but
in any ase give us equivalent results. For eah working point we know the value of all
the parameters, and of ourse the solution for the equilibrium equations. Monitoring
the auxiliary funtions we an also determine to a given order the eetive potential's
oeients K···, to get more quantitative information.
Our preliminary tests show that there is a wide range of parameters where the
MGAS onept is eetive. This an be seen in Figure 9, whih an be used to
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understand the dependene of the working point on the blade base and tip angles.
For a given pair of angles θ0, θ1 a working point exists only inside the admissible region
delimited by the upper and lower bold boundaries. Inside the admissible region we an
read the values of Gy and 1 − x by following the ontinuous and dotted ontour lines.
It is apparent that a very large range of possibilities exists, though probably very low
values of Gy will not really be useful.
Coming bak to Figure 4 on page 7 we note that the point (x∗, y∗) where the four
bold branhes with Gy ≃ −1.6895 onnet together is speial. It is learly a saddle
point for Gy, and this tells us that the gradient of Gy is zero, whih means
K⋆yy = 0 (36)
and also
K⋆yx = K
⋆
xy = 0 (37)
If the tangent to the urve at that point were vertial we ould lassify (x⋆, y⋆) as
a so alled pithfork bifuration point[Iooss and Joseph 1990, Arnold 1996℄, whih is
depited shematially, with bold lines, in the upper right box. In the same box the
dashed urve represents the lous of points where Kyy = 0, while the lous of points
where Kyyy = 0 is a horizontal ontinuous line whih overlaps with the bold one. This
means that the interesting working point is oinident with the pithfork bifuration
point.
However, a areful inspetion reveals that what we really have a two-sided
bifuration with a turning point. This one is depited shematially in the lower right
box of Figure 4, emphasizing its dierent harater. From this Figure we see that in
this ase the intersetion between the dashed zero Kyy = 0 urve and the ontinuous
Kyyy = 0 one does not orrespond anymore to the singularity. More preisely we an
expand Gy around the rossing point for the bold lines, obtaining up to the rst order
in δx
Gy −G⋆y =
1
6
K∗yyyyδ
3
y +
1
2
(
K∗yyyxδx +K
∗
yyy
)
δ2y +K
∗
yyxδxδy (38)
where in the pithfork ase (but not in ours) K⋆yyy = 0. Setting Gy − G⋆y = 0 we
obtain the equation for the bold lines in the diagrams, while taking the rst and the
seond derivative of Eq. (38) with respet to y we nd the equation for the dashed line
Kyy =
1
2
K⋆yyyyδ
2
y +
(
K∗yyyxδx +K
∗
yyy
)
δy +K
∗
yyxδx = 0 (39)
and for the ontinuous one
Kyyy = K
⋆
yyyyδy +K
∗
yyyxδx +K
∗
yyy (40)
whih of ourse are valid in a small enough neighborhood around the rossing point. The
main onlusion is that the real singularity assoiated with an interesting behaviour
is a fold of the urve y(x, ωy = 0). As long as Kyyy is small (as it is in our example) we
expet that this singularity will be near the rossing point.
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Figure 9. Some possible working points for the system. The bottom angle is on
the vertial axis, the top angle on the horizontal one. The set of working points that
we found with the help of the ontinuation proedure are inside the upper and lower
boundaries whih orrespond to the bold lines. For a given admissible pair of boundary
angles θ0, θ1 we an read the value of the vertial load Gy (on the ontinuous ontour
lines) and of the 1 − x parameter (the dotted ontour levels). As an example, it is
possible to obtain a good working point for a blade with θ0 = 60 and θ1 = 0 by setting
Gy = −2 and 1− x = 0.04.
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A pithfork singularity is the one whih is usually used to desribe Euler bukling
of a beam under ompression. In that ase the bukling is assoiated learly with
the breaking of a symmetry whih is not present in our ase. But to ompletely
understand in what sense the interesting working point we desribed an be assoiated
to a bukling phenomena it would be better to have a onnetion with some kind of
geometrial peuliarity of the blade's prole assoiated with the two dierent bukled
ongurations. Our onjeture, supported by some numerial alulations, is that in
the bistable regime the two ongurations dier in the presene of a point where the
urvature hanges its sign.
2.1.7. Uniform Curvature At the working point the blade is bent to a prole
determined by Equations (6) and (7). We are interested in ongurations with optimally
distributed stress. There are two main reasons for this. First, a blade with a uniform
stress has a higher safety limit. Seond, in the optimized ase for a given load the
maximal stress is redued, whih means that the intensity of reep and reak noise is
also redued (speial alloys suh as properly treated Maraging do not show an inrease
of reeping if the stress is inreased).
The dominant part of the stress is onneted to the urvature radius R of the blade,
so for an optimized onguration this quantity should be independent of ξ. For the old
GAS lter this is not possible[Bertolini et al 1999℄ beause the boundary onditions
imply zero urvature on the blade's tip. In the monolithi ase we an substitute in
the equilibrium equations (6),(7) the uniform urvature solution θ = θ0 + ξ(θ1 − θ0),
obtaining an equation for γ(ξ) whih an be expliitly solved:
γ(ξ) =
(θ1 − θ0)2
(θ1 − θ0)2 −Gy[sin θ(ξ)− sin θ0]−Gx[cos θ(ξ)− cos θ0]
, (41)
where γ(ξ) must be always positive in order to desribe a physially aeptable
solution.
It is evident that the shape depends expliitly on the Gi parameters. This means
that the blade prole should be tailored to the hosen working point, and it is probably
very diult to do this in pratie. The solution we found tells us only that the uniform
urvature solution is an equilibrium position of the system. To be pratially useful this
onguration must be stable, and with a low enough vertial resonane frequeny.
Care must be taken in writing the equations for the ontinuation proedure. The
dependene of the blade shape from the parameters Gi should be onsidered in the
equations desribed in Appendix A only to lowest order. In fat, higher order auxiliary
funtions θ(k,l) desribe physially the behavior around the working point of a well
dened blade with xed shape.
We performed extensive numerial explorations of the onstant urvature solution
spae, trying to nd a ritial point, but without suess. It seems that the ondition of
onstant urvature is not ompatible with the low vertial stiness property we want.
After the disussion at the end of Subsetion 2.1.6 this onlusion is very reasonable.
We assoiated the ritial point responsible for the vanishing stiness with a transition
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between two states whih dier for the number of points where the urvature goes to zero.
This means that near the ritial point a onstant urvature solution should approah
a at onguration, but this is possible only when θ0 = θ1 and the load is parallel to
the blade's diretion. This ase an be studied analytially, and is inompatible with a
vanishing stiness.
We take the negative result of our numerial experiments as a onrmation of our
onjeture about the bukling-type nature of the ritial point.
3. Conlusion and Perspetives
The main purpose of this artile was a study of the low frequeny behavior of a geometri
antispring. We identied a singularity in the spae of tunable parameters (load and
geometrial onstraints) whih is assoiated with a vanishing vertial stiness.
Nonlinearities do not seem to be big problems for the kind of appliation we have in
mind, where the ratio between the expeted motion's amplitude and the blade's length
L is very small. Cubi nonlinearities an be eliminated by tuning the working point.
About thermal stability, our onlusion is that it is possible in priniple to redue
the sensitivity of the system to temperature variations. The tuning an be done by
arefully hoosing the materials, the geometry and the working point. However, the
quantities involved typially hange very rapidly near the ritial point, and this means
that at the end the only possibility will be a ase by ase trial and error adjustment
proedure, probably deliate and diult.
We have not yet performed an extensive exploration of the spae of possible
ongurations. We suspet that this spae is very large indeed, and the possibility
of some optimization of the blade's behavior should not be negleted, if needed. Our
next step will be the study of the behavior of the oeients K∗··· whih desribe the
system around the ritial point in this spae. We plan also to study the system in the
high frequeny regime, inluding mass eet and internal modes.
The numerial model desribed in the artile has been implemented in a set of odes
based on the ontinuation algorithms provided by the AUTO2000 library. This ode
will be used in the future to study and optimize speial ongurations, and is available
on request.
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Appendix A. First and seond order response around the working point
In priniple information about the oeients of the eetive potential an be reovered
by numerial dierentiation of the seriesGi(x, y) obtained with the ontinuation method.
However, this method is very inaurate espeially if higher order oeients are
needed. For this reason we used a dierent approah to perform this task, whih is
basially a perturbative expansion of the external parameters around a given solution
of Equation (6) and (7).
There are many ways to hoose independent parameters, and here we desribe a
possibility whih is simple from a omputational point of view.
The more diret approah is to hoose as independent parameters the external
loads Gi, and to introdue a small perturbation ǫi around a referene point by writing
Gi = G
(0)
i + ǫi. For a given quantity C we introdue the notation Cl,m to identify the
oeients of its expansion in powers of ǫi. For example, we formally write the solutions
of the perturbed stati problem as
θ(ξ) =
∑
k,l
ǫkxǫ
l
yθk,l(ξ) . (A.1)
By diret substitution we an easily obtain up to a given order the equations for θk,l
and pk,l. The equations for θ0,0 and p0,0 are of ourse exatly the (6) and (7), with the
same boundary onditions (8), and load parameters Gi = G
(0)
i . In the general ase we
an write
dpk,l
dξ
= −ℜ
{[(
iG(0)x +G
(0)
y
)
ηk,l + iηk−1,l + ηk,l−1
]
eiθ0,0
}
(A.2)
dθk,l
dξ
= γ(ξ)pk,l (A.3)
where ηk,l are the expansion oeient for e
−iθ0,0eiθ whih are
ηk,l = e
−iθ0,0 1
k!
1
l!
∂k+l
∂ǫkx∂ǫ
l
y
eiθ
∣∣∣∣∣
ǫi=0
(A.4)
when k, l ≥ 0 and zero otherwise. Note that the equation for pk,l depends linearly on
θk,l but nonlinearly on θk′,l′ with k
′ < k or l′ < l. For example, at the rst order we
obtain
η1,0 = iθ1,0, (A.5)
η0,1 = iθ0,1, (A.6)
and at the seond order
η2,0 = iθ2,0 − 1
2
θ21,0, (A.7)
η1,1 = iθ1,1 − θ0,1θ1,0, (A.8)
η0.2 = iθ0,2 − 1
2
θ20,1. (A.9)
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We also need boundary onditions for the newly generated dierential equations. These
an be simply obtained by imposing that the angles at the top and at the bottom do
not hange during the perturbation, obtaining simply
θk,l(0) = θk,l(1) = 0 (A.10)
for k > 0 or l > 0. The oordinates of the blade's tip an also be expressed as a funtion
of the θk,l variables. By diret substitution in Equations (10) and (5) we get
x+ iy =
∑
k,l
ǫkxǫ
l
y
∫
eiθ0,0ηk,l dξ (A.11)
Using these relations we an obtain all the physial preditions we need. For example,
the eetive stiness matrix of the blade's tip (the Kij piee in the eetive potential) is
proportional to the oeient whih onnets the rst order variation of the oordinate
with the load variation. Expliitly writing rst order terms we get:
(K−1)xx =
∂x
∂Gx
= x1,0 = −
∫
θ1,0 sin θ0,0 dξ (A.12)
(K−1)yy =
∂y
∂Gy
= y0,1 =
∫
θ0,1 cos θ0,0 dξ (A.13)
(K−1)xy =
∂x
∂Gy
= x0,1 = −
∫
θ0,1 sin θ0,0 dξ (A.14)
(K−1)yx =
∂y
∂Gx
= y1,0 =
∫
θ1,0 cos θ0,0 dξ (A.15)
The symmetry in the indies is not apparent, but it an be demostrated, for example,
assuming that the equations for θk,l up to a given order an be obtained by minimizing
a potential energy.
An alternative useful expansion an be obtained by perturbing Gy = G
(0)
y + ǫy with
xed x. Now the expansion of a generi quantity is
C =
∑
l
ǫlyCl (A.16)
and Gx is no more an external parameter, but a Lagrange multiplier whih must
be determined order by order to satisfy the onstraint (10).
Appendix B. Exat solution for onstant width blade
If the blade width is onstant we an rewrite the potential in Eq. (3) as
U˜ =
∫ 1
0

12
(
dβ
dξ
)2
−G(1− cos β)

 dξ (B.1)
where G =
√
G2x +G
2
y, β = θ − ψ , cosψ = −Gx/G and sinψ = −Gy/G. This is
formally the Lagrangian of a pendulum whih evolves in the time ξ, whose solution is
exatly known in term of ellipti integrals. We an write the solution as
sin
β(ξ)
2
= sn
(√
G
k
ξ + φ, k
)
(B.2)
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where sn(x, k) is a Jaobi ellipti funtion and k,φ two integration onstants that an
be determined by imposing the boundary onditions (k > 0). It is easy to eliminate φ,
and we get the ondition
Γ = σ1sn
−1
[
sin
β1
2
, k
]
− σ0sn−1
[
sin
β0
2
, k
]
−
√
G
k
+ (4m+ σ0 − σ1)K(k) = 0 (B.3)
where m is an arbitrary integer, K(k) the omplete ellipti integral of the rst kind and
σi = ±1. We are interested in partiular in the oordinates of the blade's tip, whih an
be written as(
x(1)
y(1)
)
=
k√
G
R(ψ)


√
G
k
(
1− 2
k2
)
+ 2
k2
[
f
(
β1
2
, k
)
− f
(
β0
2
, k
)]
σ1
√
1− k2 sin2
(
β1
2
)
− σ0
√
1− k2 sin2
(
β0
2
)

 (B.4)
where f(φ, k) is the ellipti integral funtion of the seond kind, and R(ψ) the matrix
whih rotates a bidimensional vetor by an angle ψ. We also have to take into aount
that during a variation of the parameters the boundary onditions stay xed. This
gives us a relation, whih an be obtained by imposing dΓ(1) = 0. Another onstraint
is that the oordinate x of the blade's tip does not hange during the variation, whih
is equivalent to imposing dx(1) = 0. The last step is to evaluate the dierential dy(1):
in this way we get three linear relations between dy(1), dGx, dGy and dk that we an
use to express
dy(1) = χ dGy (B.5)
where χ is a funtion of the working point, and χ → ∞ when the vertial stiness of
our ostrained blade goes to zero. After some algebrai multipliation it is easy to see
that we an express χ as
χ =
∣∣∣∣∣∣∣∣
∂Γ
∂G
∂Γ
∂ψ
∂Γ
∂k
∂x
∂G
∂x
∂ψ
∂x
∂k
∂y
∂G
∂y
∂ψ
∂y
∂k
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣
∂Γ
∂G
∂Γ
∂ψ
∂x
∂G
∂x
∂ψ
∣∣∣∣∣∣
−1
(B.6)
where all the quantities are evaluated at ξ = 1. In order for χ to be divergent there
are two possibilities: some of the partial derivatives inside the determinants ould be
divergent, or the 2× 2 determinant ould go to zero. Moreover, in the rst ase, as the
determinant depends linearly on its elements, the only possibilities are a divergene of
partial derivatives whih appears in the 3× 3 but not in the 2× 2 determinant.
We used the analytial solution for ross-heking purposes and as a onvenient
starting point for the ontinuation proedure. By introduing an interpolation
parameter it is easy to ontinue the blade prole from the onstant width ase to the
spei ase we are interested in.
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